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Abstract 

This work presents var ious mathemat ica l basic ideas, for the understanding of issues rela t ing to the 
Riemann hypothesis (RH), the RH s equiva len t and the GRH. This Block Notes of Math shows a lso  
subproblems of the RH, the LH hypotheses, the factor iza t ion and the main links between a ll the 
equat ions involved, th rough a gr id connect ions .

  

The authors then show how the "RSA code" can be under a t tack, where the factor iza t ion of a semipr ime 
N (N=a*b) is obtained through the Goldbach conjecture, with and a second-degree equation or through a 
second-degree equation of the type x2 = a2 mod N.  Also they show how the problem of Basel has already 
solved in closed form for N odd with the constants zeta. Then they propose a new conjecture through the 
use of average cumula t ive Mer tens funct ion  linked to the Mertens funct ion and fina lly there is the 
presenta t ion of a conjecture of how G (N), the number of solu t ions of Goldbach , and g(N), the number of 
twin pr imes, a re linked with the logar ithm in tegra l of Gauss and the RH. This conjecture is candidate 
as additional and equivalent hypothesis of the RH .   

  

The authors thank right now all readers patients will return a feedback on this work.    

  

                                                

 

1 It s a famous phrase of Isaac Newton and the title of one chapter of the Derbyshire s book [Reference 1]. However, 
given the "stature" of mathematicians who have brought us up to Riemann, and unfortunately we can t mention 
everyone, it seems to us a proper title for the article. 
2 Rosario Turco is an engineer at Telecom Italia (Naples) and creator of "Block Notes of Math" with the prof. 
Colonnese Maria of High School "De Bottis" of the Torre del Greco, province of Naples, and all the other authors are 
part of the group Eratosthenes of Caltanissetta (Sicily) 
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Introduction 

The Riemann hypothesis is something extremely fascinating, not only for those who worked for 
professional, but also for the many fans of mathematics. Behind such cases are discovered every 
day a breadth of subjects, perhaps the most beautiful mathematics.   

The case involves arithmetic, the theory of numbers, algebra, geometry, analysis, statistics, 
probability, the finite and infinite fields, operators and any kind of numeric field: integers, rational 
and irrational Real, complex, p-adici; extends also to problems such as factorization, encryption and 
elliptic curves and then connects to practical problems in physics and formal languages (such as 
string theory etc) up to projects of enormous importance as the Langlands.   

The work of Riemann and the mathematics he devised to support his hypothesis, were of 
considerable help to solve many other problems from the demonstration of the PNT. The amount of 
publications and theories born after next Riemann hypothesis is an enormous breadth.   

In "Block Notes of Math" we show, where possible, the path taken by the main ideas and how they 
are formed; up to understand the enigma of the century. We show the tools necessary to the 
understanding of the problem, sometimes in a strict and sometimes so simplistic, both for reasons of 
space as well as for adequate expertise on certain topics very complex, is not to weigh too "Block 
Notes of Math" and to lose the sight line of reasoning that leads to Riemann.   

They are obviously recommended that further study can be made either on both scholarly texts on 
sound, university and not for each of the topics shown here.  

The purpose of "Block Notes of Math" is, therefore, media, divided into chapters, with the theory is 
strictly necessary; considerations, calculations and disquisition, sometimes corrected and sometimes 
as fly of Pindar (please do not!), eager to find other roads and provide new ideas, is intended to 
serious is the careful reader, who knows a little 'more than mathematics. If we will manage to get 
yourself to mathematics and use it to devote an issue of Theory of numbers we will achieve our 
small target. 
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Chapter 1. Prime number and their distribution  

The first evidence that there are infinite prime numbers was given by Euclid in the third century 
B.C.; while a greater understanding on the distribution of prime numbers was given in 1896, when 
Jacques Hadamard and Charles de la Valle Poussin independently proved the theorem of Primes 
(TPN). In truth, the RH was made by Riemann and many of his mathematical tools were useful in 
demonstrating that the TPN could make use of a less strong assumption of RH.  

Now we define the following step function, which counts the prime numbers:   

        ( ) 1
p x

x =   # of prime numbers less or equal to x   (2)   

The graph of ( )x , for various intervals, is shown in Fig. 1. From (2),  knowing that there are 

infinite prime numbers is:  

( )x as x      (3)  

 

Figure 1 

 

Performance of (N) 

The problem was to find a formula to get the value ( )x , at x, not counting the prime numbers and 
without having to draw endless tables.  

The first theorem of prime numbers (TPN), was proposed by Gauss in 1792, which gave an 
asymptotic formula for ,x

 

and later shown to be strictly Hadamard and Poussin:  

( )
ln( )

x
x

x       (4)  

In the alternative the (4) gives: 
( ) ln( )

lim 1
x

x x

x
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The (4) (see [1]) is a consequence of Gauss observation about data in Table 1 below.  

N Log N N/ (N) Errore 
% 

1000 6,9077 5,9524 16,0490

 
1000000 13,8155

 
12,7392

 
8,4487 

1000000000 20,7352

 
19,6665

 
5,3731 

1000000000000 27,6310

 
26,5901

 
3,9146 

1000000000000000 34,5387

 

33,5069

 

3,0794 
1000000000000000000

 

41,4465

 

40,4204

 

2,5386 

Table 1  N/ (N) 
Table 1 is the representation of a table, with values of entry and exit. The entrance here is the 

argument N while the exit is the value of function N/ (N). It's a classic mathematics discover from 

a table of data that if a subject varies sum for constant and the corresponding value function for a 
product constant then it is an indication of the existence of a logarithmic dependence (natural 

logarithm). If, conversely, N increase as the sum while N/ (N) as a product then the dependence 

will be exponential. From Table 1 it is noted that its growth of the N with the product of a same 

factor (1000 for example), the "value function" N / (N)  growth for constant sum (in this case about 

7 units) while the error rate decreases more and more.  

Later Gauss defined the function Li(x):  

2

( ) :
ln( )

x dt
Li x

t
       

The integral part of the value 2 as the natural number 1 is not considered prime number. In this 
case, the TPN can be rewritten as evolved:  

( ) ( )x Li x     (5) 

In other words, we approximate (x) with the area under the full logarithm.  

 

Figure 2 PNT  
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From Figure 2 shows that the error that you get with (5) is better than that achievable with (4). 

Apparently it seems that Li(x) is slightly (x). But we realize that it is higher than the values 

obtained with  (x). But it isn t always true.  

Consequences of the PNT 

The PNT involves at least two consequences: 

 

The likelihood that N is a prime number is  1/log N 

 

The N-th prime number is  N log N  

The first consequence is justified by the fact that if there are N / N log prime numbers between 1 
and N, the average density of prime numbers is 1/log N; N also because high order of magnitude of 
most of them are comparable with N, the density of prime numbers is 1/log N.  

By a similar reasoning can also estimate the size of the N-th prime number. For example, assuming 
a large number K and considering a range of numbers from 1 to K where there are P prime 
numbers, then on average can be expected that the first prime number is a K / P, the second at 2K / 
P etc. and the last to PK / P = K. For the PNT, however, P = K / K log and the N-th number is the 
first from the parts of NK / P = NK / (K / log K) = N log K. But K is of the same order of 
magnitude of N for the N-th prime number is around N log N.  

Chapter 2.  Behaviour of the natural logarithm and powers  
We have no intention to show what the log, decimal or natural, nor the rules of powers to which it is 
attached. What interests us is to show, however, the behavior of the natural logarithm ln, compared 
to the behavior of powers xa. This will pay later when discussing the Big O and equivalents 
Riemann hypothesis. 

 

Figure 3  Logarithm vs powers  

In Figure 3, in the dash is the evolution of the natural logarithm ln x; while there is continuous 
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stretch with the development of power xa with a = 0.1, 0.2, 0.3, 0.4 and 0.5 or smaller values of a.  

There are the following:   
smallest is the value of a, more flat trend is the power xa, until at a = 0the trend becomes flat  

   maximum, that is equal to the constant 1 = x0   

for values less than a certain value (in practice 1 / e), the curve of lnx soon crosses the power xa     
  (never more than a ee)   

no matter how small is a, at the end lnx is more flat than power. In reality for a < 1/e and this is 
always true, while a> 1/e and, for large values of x, the ln x crosses again the curve and then xa 

forever remain lower. For example if we put a = 0.00000000001 the power is almost flat, 
corresponding to 1 (grows slowly in reality) and ln x beyond the right a little distance and flat 
becoming increasingly crossing and staying power forever under it. In reality it is as if one were to 
ln x lead as x0!  

In other words ln x grows much more slowly to a power x   pleasure, and the same is true for any 
power of logarithm and could be observed with a plot similar to the previous one.  

Natural logarithm, derivative and integral 

Let's consider the derivative of the powers of x. We have a table like the one below.  

Function x-3 x-2 x-1 x0 x1 x2 x3 

Derivative -3x-4 -2x-1 -x-2 0 1 2x 3x2 

Table 2 

 

Behaviour of the derivative  

Recall that the derivative is a deviation from a variable. For example dv / dt in physics is the change 
of speed or acceleration. The derivative represents the slope or the gradient (or rate of change) of a 
curve at a given point. For example, the slope of ln x is always 1 / x  

Now let's consider the integral of powers of x and we have a table like the one below.  

Function x-3 x-2 x-1 x0 x1 x2 x3 

Integral - ½ x-2 -x-1 Ln x x ½x2 1/3x3   1/4x4 

Table 3 

 

Behavior of the integral  

We note again as the log is still efforts to act as the power x0.   

If the derivative shows us the gradient of a curve at a point which shows us the integral? Just the 
area under the curve.  

The defined integral, that is defined in a specific variable, may have a limited interval or a non-
restricted interval with at least one of the extreme +  o - .  

In the first case is certainly an area gets over, in the second case also depends on the function that is 
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integrated. For example, the indefinite integral: 

4

2

x dx

 
according to the rule of integration results in: 

3 31 1 1
0 ( 2 )

3 3 242
x

  

In this example we get a real value over.   

The indefinitely integrals, however, were based on a different concept: they are essentially the 
inverse of the derivative transaction.  

Chapter 3. The series and the concept of extending the domain 
Hereinafter meet different types of sets: the harmonic series, the series of Basel, the series of 
Riemann zeta ...   

What is a series? We will try to present only the concepts, leaving the willing to deepen the 
mathematical rigor on some good text school or university. 

Harmonic series  
The harmonic series is expressed by the formula: 

1

1

n n

 

The symbol 
1n

means "summation" of the terms 1/n for the values of n ranging from 1 to infinity, 

in other words is equivalent to the sum of the inverse of all the natural numbers (n N):  

1 1 1 1
1 ...

2 3 4 5

  

Infact if we indefinitely sum the elements, the series "diverges"; it takes value NaN. 

 

is just a 
convention. Let s also say that 

 

doesn t exist in Math (= NaN is Not a Number).  

The first demonstration of divergence of the harmonic series goes back to'300 by Nicholas of 
Oresme, who noted that 1/3 + 1/4 is bigger than ½ and the same goes for 1/5 + 1/6 + 1/7 + 1/8. In 
other words, if we take two terms, then 4, then 8, then 16 etc. is that the value of the series grows 
ever. So it is inevitable that the harmonic series diverges.  

In general, a sum of inverse series of natural numbers is called Dirichlet series (it were introduced 
by Dirichlet and Dedekind); they are of the form: 

31 2 ... ...
1 2 3

n
s s s s

a aa a

n

  

If the harmonic series (of infinite elements) is considered only n elements, then we talk about 
harmonic number Hn.  
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There are divergent series only? No. There are also converging series and series conditionally 
converging.   

A series is convergent if the sum of all its infinite terms gives a value over. In truth would be 
enough value to say - not finished - because it is not an infinite value.  

Also there are series that are converging, only if we respect the order of sum of! That is why they 
are called conditionally convergent, otherwise it would be fairer define absolutely convergent.   

An example of absolutely convergent series would be:  

1 1 1 1 1 1
1 ... 2

2 4 8 16 32 64

  

It's a series that has a denominator twice the previous deadline for which is half of the period 
immediately preceding. It is not difficult to understand that converges to the value of 2 because, as 
the incremental contribution of each term is increasingly halves.   

In fact if you are two segments, one file to another, to represent the value 2 and puts you on the side 
of the first segment, which represents 1, then add ½ means half of the second segment and get 1 1/2 
(to be read as 1 and a half). Then add ¼ means adding a 1 ½ half of the second segment remained, 
add 1/8 etc.   

We see, however, the effect of shrimp following a series mixed signs and the denominators which 
doubles (similar to the previous except for the signs alternate):  

1 1 1 1 1 1 2
1 ...

2 4 8 16 32 64 3

  

If you represent all with two segments as we did before, we soon discovered that placing himself at 
the end of the first segment (value 1) you must go back because of the negative sign of ½ (back to 
the middle segment), then this half segment should go ahead etc ¼. Do not ever succeed in 
overcoming the 2/3 of the first segment!   

The series signs alternate, like as harmonic series,  is named 

 

function  (read "eta") of Dirichlet 
with s = 1. The  function in the most general function is: 

11 1 ( 1)
( ) : 1 ... ...

2 3

n

s s s
s

n

  

If s=1 then it converges to log2.  

Mengoli is also known for his series (series of Mengoli) that has the following form:  

1 1 1 1
... ... 1

1*2 2*3 3*4 ( 1)n n

  

The series, however, was horrified Abel is the number of Grandi:  



 

12

     

According to Grandi and Euler this series goes ½. The justification is that if we s = 1 - s this implies 
that s = 1 / 2 and fairness are satisfied. According to the mathematics of today, this series is defined, 
however divergent, it is 0 or 1 depending if either is deemed an odd or even number of terms.   

Another concept that we want to stress is that set to converge in a closed form, which in math 
means that tends to a precise value, an exact calculation and not as an approximate measure. 
Typically an approximate value is a representation in decimal form periodic or irrational (with 
infinite digits). An integer value or a fractional (rational numbers) are an exact value.  

Try to prove, by the method described above, if the two series suggest that there are converging or 
diverging, and if it is true that converge below the value proposed:  

1 1 1 1 1
1 ... 1

3 9 27 81 2

  

1 1 1 1 3
1 ...

3 9 27 81 4

  

We answer, no fear: they are both converging at the values proposed, but some do test it!   

The series are studied in mathematics and analysis of mathematics is the kingdom of the study 
limitations, of infinitely large (infinite) and infinitely small (infinitesimal), but also of the integral.   

The limits are the heart of many other analytical concepts as they arise: 

 

the derivative as a incremental limit 0lim x

y

x

  

approximations of a term over another 

 

the integral as limit of sum 

 

the convergence of a number or a succession 

With the series are linked by the succession of numbers, represented by a set of numbers separated 
by commas and such that each is derived from a rule. For example, suppose the following rule: 
"every number is a fraction where the new denominator is derived from the sum of the numerator 
and denominator previous and the new numerator is derived from the sum of the numerator and 

   
1 1 1 1 1 1 ... ( 1) ...n
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denominator of the double." We realize now that because of the succession rule also finds endless 
numbers. The sequence is then: 

1 3 7 17
, , , ,...

1 2 5 12

  
Where to converge over the succession? In reality we are talking about then the series:   

1 3 7 17
... 2

1 2 5 12

  

The limit of the succession is 2 .   

One way to realize it is considered a pretty big number in the series, obtainable with the rules set 
out earlier. To avoid the square roots, we can consider the square of it, which tends to 2.   

For example, the square of 3363/2378 is 11309769/5654884 that some 2.00000017683827... If we 
go ahead with increasingly large numbers will increase the number of 0 after the decimal point.   

The three dots after the number indicate that in reality we face an irrational number, or with infinite 
numbers, so it makes no sense to represent all and we must be satisfied with an accuracy that 
depends on the number figures represented. In practice the approximate number or form is open. 
For this mathematical storch the nose! It is the difference between calculation and measurement. A 
calculation must be precise, possibly an expression should be calculated in closed form. A measure, 
however, can be approximated, given the practical limits and, therefore, in the form open.   

Consider another sequence: 
4 8 32 128

, , , ,...
1 3 9 45

  

The rule that follows is: "The N-th term is derived as follows: If N is equal then multiplied by N / 
(N +1) the previous term, if N is odd is multiple precedent for the term (N 1) / N ". This sequence 
converges slowly to .  

A succession representing the famous e of Nepero (Napier) is as follows:  
2 3 41 1 1

1,(1 ) , (1 ) , (1 ) ,...
2 3 4

 

The limit of this sequence is worth the number of Nepero e = 2.718281828459, or alternatively they 
say that the series converges to e.    

The series of Basel s problem 
The series of Basel was the port of entry for the Riemann zeta. Initially, the question what value 
converges the series at, was placed by Mengoli in 1650. It, in its simplest form, is as follows: 
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If we try to add, with an Excel program or with PARI, the first 10 elements, the sum is 1.5497677 
..., with 100 elements the sum is 1.6349839 ..., with 1000 gives 1.6439345 ..., with 10,000 gives 
1.6448340.... Then take a number between 1.644 and 1.645.   

The problem was addressed by Wallis, Leibniz and the brothers Bernoulli without success. We will 
wait for a century after Euler, to obtain the solution.   

The problem of Basel was to find a closed form in this series with exponent N; that is examining the 
overall series: 

1

1
Nn n

 

or: 
1 1 1 1

1 ...
2 3 4 5N N N N

  

It is also known as generalized harmonic series. Converge if N> 1, while diverges for N 1. It is also 
known as generalized harmonic series. Converge if N> 1, while diverges for N 1. The difference is 
obvious to the policy of confrontation with the harmonic series indeed if N <1, n  1, nN < n and t 
then 1/n <1/nN  

What converges? Euler showed, for N up to N = 26, the values listed in the following table 4.  

N Value 
2 2/6 

4 4/90 

6 6/945 

  

Table 4  Values of series of Basel  

Euler came up to N = 26; while no one had managed to find a closed form for N odd (at least until it 
has studied the Riemann zeta, deepening see Chapter 11).  

2 2 2 2

1 1 1 1
1 ...

2 3 4 5

  
A simple observation (criterion of comparison) leads us to say 
that every word being bigger (they are square) each end of the 
harmonic series, then there are great hopes that the series of Basel 
converge. Indeed, for example, the square ½ is ¼ and it s smaller 
than ½ and so on. 
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The Riemann zeta as a real function of real variable  
The Riemann zeta, also studied by Euler for real numbers, is similar to the above series of Basel; 
except that instead of N Riemann pose s, meaning s like complex number and then studied 
complicated as a function of complex variable, but if s only real part then match. In the remainder 
set to begin assume s ideas variable as real and the Riemann zeta function as a real variable real, 
that is coinciding with the series of Basel. One way to summarize the Riemann zeta as a series is as 
follows: 

1

1
( )

s
n

s
n

  

If s = 1, the series diverges (harmonic series). If, instead, s> 1 the series converges (series of Basel). 
In reality is just as = 1, which differs if we consider s = 1.0001 converges to 10000.577222 ... That 
has a pole in s = 1; behaves as if it were the function 1 / (s-1) that s = 1 diverges.   

If the number of Basel (or Riemann zeta variable real) let s = 0, the series differs yet (because n0 = 
1). For negative values as s = -1 diverges again, because for example the term 1/2-1 = 2 and so we 
have the sum of all the natural numbers 1+2+3+4+ .... If s = ½, we have to denominator the square 
roots. For example, the term 1/21/2 compare it with the term ½ harmonic series: the root of 2 is 
greater than 1, while the end of the range is 2 harmonic and larger than the root of 2 hours if the 
harmonic series diverges, more so diverges even the series with s =1/2. In the field of real variables, 
then, the evolution of the Riemann zeta is as in Figure 4.  

 

Figure 4 

 

 function 
As learned you should say that the domain of the zeta function is formed by values greater than 1. 
In fact, as we shall see later, is not the case ...   

Extending the domain of a function defined by a series 

Extending the domain of a function defined by a series 
Consider the function S (x), obtained from a series as follows:  

0
( ) n

n
S x x
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It is the geometric series and corresponds to write:  

2 3( ) 1 ...S x x x x

  
If x = 1/2 the number above corresponds to that seen before:  

1 1 1 1 1 1
1 ... 2

2 4 8 16 32 64

 

So is:  
S (1 / 2) = 2, S (-1 / 2) = 2 / 3, because we return to the series with the first signs of alternate;  
S (1 / 3) = 1 ½, S (-1 / 3) = 3 / 4, S (0) = 1, S (1) diverges, S (-1) diverges  

With S (-1) we have to say that because it differs due to the solution of the signs, if we consider an 
even number of terms you get zero, if we consider an odd number of terms is 1: Do not even go to 
infinity but converges absolutely that the indecision between two values in mathematics is a form of 
divergence. S (-2) = diverges. Here the alternation of signs leads us to a situation even worse: 1-2 
+4-8 + ... and the function seems to go to infinity in both directions. All this to say that the function 
S (x) has values in the domain between -1 and 1, ends 1 and -1 except, that is [-1.1]. So you can 
imagine that it had completed the study of the function S (x) and its graph is that in Figure 5.  

 

Figure 5 

 

S(x) function  

Now we do some reflection on S (x). So far, in order to calculate the values of S (x) we had a little 
"sweat", using the series or succession and the limit.   

Often it was also difficult to understand it. The idea now is to get the analytical expression of an 
easier (a formula) that takes the same values in the domain [-1.1], even though the new feature will 
have a wider domain or different.  Like getting the new feature? We have seen that:  

S(x) = 1+x+x2+x3+

  

If the second term we highlighted x gives:   

S(x) = 1+x(1+x+x2+x3+ )  

From here it is clear that the word in parentheses is still S (x), which is: 
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S(x) = 1+xS(x) 

From which it follows that: 
S(x) = 1/(1-x) = 1+x+x2+x3+ (6)  

This new function S (x) has the same values in the previous [-1.1]; fact is: S (0) = 1, S (1/2) = 2, S (-
1/2) = 2/3, S (1/3) = 1 ½; S (-1/3) = ¾.   

But the two functions have different domains and in Figure 6 has appeared a part of domain first 
"not seen". In fact I can also find S (10) = - 1 / 9 etc.  

 

Figure 6  Domain of 1/1-x function  

From this example as it draws lessons? An infinite series can define only part of a function.  

The rest of the function could be hidden somewhere else. Take much time and patience for the  
study of a complex function such as the Riemann zeta.   

The extension of the domain is used to better understand the function and generally to make the 
extension should be made a function of manipulation as we saw above.   

Before turning to extending the domain of the Riemann zeta, we conclude with series geometric 
view a few lines above.   

Newton used the calculating the integral, obtaining that:  

-ln (1-x) = x + ½ x2 + 1/3 x3 +  (7)  

Extending the domain of the Riemann zeta function 
If the Riemann zeta variable real seen before, we find the values, it isn t easy. How for instance is   

( 7,5) ? In reality a domain extension that will enable us to quickly assess the   

(s) is extremely useful. 
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One trick is to use the 

 
(s) :function of Dirichlet. Indeed, having realized that the shape of  

 
(s) is 

A + B + C + D + E + F + ... then we introduce a form  as: 

A-B+C-D+E-F+ = (A+B+C+D+E+F+ ) 

 
2 (B+D+F+ ) 

where: 

(s) = (s)  2 (1/2s+1/4s+1/6s+1/8s+ ) 

In other words, it is: 

1

( )
( )

1
(1 )

2s

s
s  (8) 

The formula says that if we calculate (s), which represents a series with alternating signs that 

converges, then we also calculate the values of 

 

(s). (s) I can even calculate it between 0 and 1,  

although  (s) does not converge in that interval.   

It s 'lawful , however, manipulate two series when an infinite converges and the other not? In terms 
of mathematical rigor no, but in practical terms if the calculation values helps, you do (it's a "let me 
...").   

But we can also find the values (s) except for s = 1. We can find values  s<= 0?   

This riddle was solved by Euler with gamma function: 
1 1

( ) (1 ) (1 )2 sin
2

s ss s s s       (9) 

Or equivalently, to find negative values: 

1 1
(1 ) ( )( 1)!2 sin

2
s s s

s s s       (10) 

From this formula can go out the need to calculate the factorial of ½ or a negative number.  
How? Say that is not defined the factorial? We will see in the next chapters how tricky it Euler 
unravel the skein of the problem of interpolation. For now believe: as St. Thomas will see with your 
eyes! 

Chapter 4. The Big  O function 
In this chapter we take a break theory, addressing a topic not conceptually difficult, but at the same 
time important to understand. The big O is a notation that will take you to understanding the 
assumptions equivalent to RH. 

Definition of Big O function 
A function f(x) is Big O of g(x) function if, for large enough values (to stretch endlessly in general), 
the size of f (x), as a sign regardless of value, not more than ever some fixed multiple of g(x). 
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In such a case should be written: 

|f(x)|  = O(g(x))  

In other words there is a k N:   

|f(x)| < k |g(x)|  

Under this it means that the Big O provides an upper limit positive and a less negative (the size of 
f(x), as a value regardless of sign) within which keeps g(x).  

Big O(1) 
The function Big O is also independent of the value of multiple k. For example, if g (x) = 1 that is f 
(x) = O (1) we are saying that if you are on a graph f (x) on the abscissa ordered former, the f (x) is 
contained between -1 and 1 (lines parallel to the constant to axis and representing the |g(x)|).  

Now if the f (x) is a line that passes through the origin and a slope k, the value of k can be any, as 
shown in Table 5.  

k f(x) 
10 10*x 
1 1*x 
0,1 0,1*x 
0,01 0,01*x 

Table 5 

 

Slopes of x vs O(1)  

The k varies only the slope of the line passing through the origin and end, compared to O(1), 
namely the upper limit, however the f(x) through sooner or later the upper limit to grow by 
depending on the k value (see Figure 7). So in the last debate with k. 1 is irrelevant the real value 
of k.  

X

0
2

4
6
8

10
12

1 2 3 4 5 6 7 8 9 10

x

O(1)

 

Figure 7  X  vs O(1) 

O(g(x)) function 
Obviously g (x) can be any not necessarily equal to 1 and as f (x). For example g(x)=x1/2log x 
oppure g(x)=(log x)2. Of course depends on the problem and the theory that we are considering. 
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Interval of validity of Big O  
The f (x) = O (g (x)) should not necessarily be always below the limits set by O great. Although f 
(x) were considered outside the limits of the big O, in an interval x, can be considered true f(x) = O 
(g(x)) in the remainder. It really depends on what you want to highlight in theory.   

What was said in this part and that the logarithms and power is enough to understand certain issues 
that we will see later. 

Chapter 5. The complex numbers and the complex series 
Life is already difficult, why introduce into the Riemann zeta also complex numbers? 

Natural numbers , were born to count: 1,2,3,4,5,6, ... It were subsequently introduced the integers 

 

which included the negative numbers and their usefulness among Egyptians had to calculate the 
flow of money: active and passive or profit and loss.  

Then, many centuries later, we realized that these sets were incomplete or as we say now closed 
compared with arithmetic operations. A set is said to be closed respect the result if it returns a 
number in the set. 

If in 

 

do the operation 7-12 get a result that is not belonging to but its result is in 

 

(where 
there are negative numbers). So is not closed compared to the difference, and therefore even 
compared to a division (remember that algorithm is able to do a split with differences n), for 
example 1/2 does not belong to 

 

but to . 

Who is ? It s the set of rational numbers. 

 

is closed over all operations? No, the division is 

also a problem for : Some divisions will result in numbers that are not expressed as fractions or 

periodical issues and that is why these are irrational and they are contained in . In truth , 

 

e 

 

have also a problem  with the square root3. For example 5

 

isn t a rational numbers, but 
certainly exists outside of 

 

because the theorem of Pythagoras is 12+22 = 5. It is indeed an 

irrational number in , not represented as a fraction or ratio of two integers. Not all the results of 

the roots are out ; for example 36 6 /1. A famous irrational number is 2

 

(constant 

Pythagoras): From Pythagoras took the first demonstration of irrationality4. Additional problems 
are, as we shall see, the roots of negative numbers. 

 

is the set of real numbers that includes both rational and the irrational, then R is closed over all 
four arithmetic operations. 

 

seems that can do everything, then that the pro complex numbers 

 

? In fact, the problem of 
complex numbers is born with the solutions of the equations (eg x2 = -1).  

                                                

 

3 In reality it is sufficient only difference, it can be found in the other three: the sum is a difference between a positive 
and a negative multiplication is an iteration of sums, the division is feasible for differences later. Like the roots. 
4 It shows that for absurd 2 is irrational. If it is rational then 2

m

n
, from here 

2
2 2

2
2 2

m
n m

n
. Now 2n2 is 

even, by 2, then consequently so is m2 and also m (the square of equal amounts, the square is an odd odd). So if m is 
equal as we can write m2=(2k)2 then 2n2=4k2 . From here n2=2k2  and now 2k2 is even by 2 then also n. But if n e m are 
even, they are  simplified  and we came to an absurd because the hypothesis is m/n rational! 
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Some roots were "illogical" but still roots. To overcome the difficulties of roots that involve terms 

like 1

  
or other negative numbers in root Raffaele Bombelli (1526-1572) introduced the concept 

of imaginary numbers (the "i" is due instead to Euler): 

2

1

1

i

i

 

A complex number belonging to 

 

has accordingly a real part  and imaginary part m. For 

example s =1 2i  is a complex number  where 1 è e(s) and 2

 

is m(s).  

The representation of a real number is usually on a line with the irrational infinitely thickened 
between the rational (a mystery that is not fully revealed), but that involves only one dimension.   

The representation of a complex number is done in terms of Gauss, two-dimensional, where the axis 
of abscissa indicates the real number of complex and the axis of ordinate is the imaginary part.  

In the remainder we do not intend to bear as we work with complex numbers, which you can see 
yourself on a good textbook: the operations of addition, multiplication, division, subtraction, root, 
power, exponential and logarithm, the polar representation and trigonometric.   

However we recommend that you take practice to do so, if you are interested to the Theory of 
Numbers and Riemann s conjecture.    

Highlight, however, as a series S (x), given previously, it behaves in the complex field C.   

The return (6) and replace x with s:  

1/(1-s) = 1+s+s2+s3+  (11)  

The series expressed by (11) also applies to complex numbers? Under certain conditions, yes, for 
example, suppose s = 1/2 i, then the series converges.   

La (11) becomes: 
2 3 41 1 1 1 1

1 ...
1 2 4 8 161
2

i i i i
i

 

If you multiply the numerator and denominator of the left side for 1 + ½ i, you get the element to 
the left 4/5 + 2/5 i , and taking into account that: 

2

3 2

4 3 2

1

1

i

i i i i

i i i i

 

From here: 
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1 1 1 1

0,8 0,4 1 ...
2 4 8 16

i i i

  
If you put on a set of Gauss and make a step in the direction of every word that is on the right of 
equality, you will find that you are moving closer to spiral ever more complex value 0.8 0.4 i. In 
other words we lost in simplicity but we have gained in expressiveness: in the complex plane can be 
seen directly as an endless series closes its limit.  

Chapter 6. Gamma and Beta functions 
This is in the range and route through which it grew, the days of Euler to the most recent Treaty 
mathematical Bourbaki and how, in this growth, it took a considerable importance in various fields 
of mathematics, including the option of Riemann.   

The birth of the Gamma function goes back to 1729 and involves the century figures such as 
Leonhard Euler (1707-1783) and Christian Goldbach (1690-1764).   

The theory of this function comes at a time when it consolidate two theories of great interest: 

 

The theory of interpolation, a very practical field of mathematical analysis mainly British in 
1600;  

 

The theory of integral and calculation of integrals  

A simple problem of interpolation saw the failures of Goldbach, Daniel Bernoulli (1700-1784) and 
formerly James Stirling (1692-1770).    

 

            Eulero   

Interpolation s Problems 
The simplest sequence of integers (a sequence), which leads to an interesting theory is this:   

1,    1 + 2,   1+ 2 + 3,   1 + 2 + 3 + 4,  

  

These are the triangular numbers. Are so called because they represent the number of objects that 
can be put in a triangular array. Another element is called Tn and is:  

Later the issue was put to Euler, who first point to the solution to 
Goldbach in two letters, and then published all the details in an 
article "De progressionibus trascendentibus seuy quorum algebraic 
terms generales Dari nequeunt" the first volume of Euler   
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Tn = ½ n (n + 1)  

The formula has presented several advantages:  

 
simplifies the computation, reducing large numbers of additions to fixed three operations: 
one of addition, multiplication and a one division. For example: T100 = ½ 100 (100 + 1) = 
5050. 

 
if necessary, in cases that makes sense, it can also provide results for N not full, for 
example, the sum of the first 5 1 / 2 integers. In this case is: T5 1 / 2 = ½ (5 1 / 2) (5 1 / 2 + 
1) = 17 7 / 8.   

In other words, the formula extends the scope of the original problem and solve the problem of 
interpolation between the elementary known.   

A similar problem is thought to translate to algebra powers: see how. The quantity am is defined as  
the product of m times it was said or "m succession  to a"   

This definition has meaning when m is a positive integer, but what happens if m = 5 ½, that is what 
that is a (5 ½)? The product of 5 ½ succession to a make sense?  

The formula:    

a0 = 1   
a (m/n)  =  n ma     
a(- m ) = 1/am     
am  an = a (m + n )    

were explicitly resolved only by Isaac Newton in 1776. Today, for example, we easily prove that  
am/am  = 1 = am-m = a0  = 1.  

But there are many other problems of this type involving difficulty. For example Leibnitz 
introduced the concept dn for the n-th derivative and he identified d^-1 as the integral and defining 
d-n as yet another integral.   

But that means if dn n = 5 ½? It 'the 5 ½-th derivative? Does it make sense? It 'a problem solved 
only recently, in truth.  

The factorial positive and rational  

Factorial 
N 1 2 3 4 5 6 7 8 

 

N! 1 2 6 24 120 720 5040 40320 

 

Table 6 

 

Factorial   

Resume the triangular sequence of numbers and replace the sign with that addition and 
multiplication we get a new sequence or series of numbers:  

1,   1 * 2,   1 * 2 * 3,   1 * 2 * 3 * 4, 
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This is the sequence of a factorial.  The factorial of n is shown n!   
They also grow very rapidly. For example, 100! has 158 digits while T100 = 5050 has only 4 digits.   

But what does the following factor: 1 ½! ? It 'still a problem of interpolation, to Stirling, Bernoulli 
and Goldbach.   

The two problems Tn and n! are related, only that for the first there is a simple formula while the 
second is not. This is also implicit in the title of Euler, which roughly translated says "On the 
transcendental progressions and the term generally can not be expressed by algebra."   

The solution is hidden in the algebra. Euler formulated the problem in a modern way, that is to find 
a feature that leads from the values of n (the domain) to the values of n! (the image domain). In 
other words, it is important to the relationship between the two domains and not the nature of the 
rules.   

If there was based only on the nature of the rules, then given a set of points of the plan "the problem 
of interpolation" would be banal to find a curve that passes through all the points or who is close 
enough to most of them. In this case, solve the problem if the game so banal, but nothing has been 
done to find a general law for each case.   

Euler's method was different, characteristic of 1700, also typical of the French school of the century 
1600-1700 (Cartesio = Descartes is remembered as a philosopher, while in reality he was a great 
mathematician just only think about the Cartesian plane!). A function was synonymous with 
formula and a formula was an expression that you could get with manipulation of basic operations 
such as addition, subtraction, multiplication, division, exponential, radical, power, logarithm, 
differential, integration, series with infinite terms.   

For this reason, a formula was called analytical expression.   

The interpolation of factorial, therefore, consisted in finding an analytical expression, such that by 
entering into a formula should provide positive number in the output value of the factorial, which 
was supposed to make sense even if a whole n but not fractional ( rational).   

Euler, experimenting with endless numbers of products, noted that if n is a positive integer that is 
the formula:  

2 1 3 2 4 3
... !

1 1 2 2 3 3

n n n

n
n n n

   (12)  

Ignoring sensitive issues, such as the convergence of an infinite product, you can check via this 
equation canceling all common factors that appear above and below the left side. However it is 
defined for all types of n, including negative integers.   

Noticed Eulero also that when you enter the value n = ½ you get on the right side the famous 
"infinite product" by John Wallis (1616-1703):   
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!( 1)
lim

1 ( 2)...( )

n

m

m m

n n n m
                    (14)  

But Euler developed further the idea that it was behind the strange behavior of the product for 
values of n are integers obtained whole, and for rational values, like n = ½, you received an 
expression . containing . The 

 

immediately draws the idea of the circle, while its squaring draws 
the integral. Euler tried, then, a transformation that allowed to express its outcome through a 
integral. He wrote: 

1

0

(1 )e nx x dx

 

We see the reasoning. Assuming that n is an integer, and while it is worth any arbitrary, expands  
(1 - x)n with the binomial theorem and we find that:  

1

0

1*2*...*
(1 )

( 1)( 2)...( 1)
e n n

x x dx
e e e n

  (15)  

The goal now is to isolate the numerator of the party right, because it is precisely the factor n!.   

So replacing f / g instead of e:  

1 1

0

1*2*...*
(1 )

( 1) ( )( 2 )...( )

n
e n g n

x x dx
f n g f g f g f ng

 

(16) 

From here:  

1
/

1
0

1*2*...* ( 1)
(1 )

( )( 2 )...( )
f g n

n

n f n g
x x dx

f g f g f ng g
   (17)  

For now isolate 1 * 2 ... n, is f = 1, g = 0 within the left, but you get within an indefinite right, you 
can write quality as:   

1 1

0
1

0

(1 )

0

n

n

x
x dx                          (18)  

Substituting x(g/(f + g)) instead of x is obtained:   

2*2 4*4 6*6 8*8
...

1*3 3*5 5*7 7*9 2
   (13)  

In fact, as Euler had already reached the target as its problem was solved 
in closed form, because the theory full range of function could already be 
based on the infinite product (1) that today is more conventionally 
written as: 
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f

g fg
x dx

f g
                          (19)  

instead of dx and the element on the right of (17) becomes:  

1

1
0

( 1)
(1 )

g

nf g
n

f n g g
x dx

g f g

  

(20)  

If once is f = 1, g = 0, reducing the first integral to this: 

1

1
0

( 1) 1
( )

( )

g

f g
n

n

f n g x
dx

gf g
f g

  

      (21) 

All this leads to an indefinite integral:  

1 0

0

(1 )

0

n

n

x
dx                              (22)  

Considering the relative expression (1 

 

x z)/z  for z to hide, then differentiating the numerator by 
the denominator, with the Hospital rule gives:  

log
zx dzlx

lx x
dz

                  (23) 

che per z = 0 produce  ln.   

Then:  
0(1 )

0n

x
lx                                (24) 

and 
0(1 )

( )
0

n
n

n

x
lx                            (25)   

It concluded: 
1

0

! ( log )nn x dx                         (26) 

This formula is a way to calculate n! with positive integers n and fractional.  

The Euler s integral obtained meets today in the form of gamma function: 

1

0

( ) 2,718284...t xx e t dt e    (27) 

It is especially by Adrien Marie Legendre (1752-1833) that we know tjùhe gamma function with the 
symbol of Greek    
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Legendre called the (15) the first integral of the Euler

 
and the (26) and second integral of Euler .   

The first integral of Euler today is known as Beta function:  

1
1 1

0

( , ) (1 )m nB m n x x dx      (28)  

The integral has meaning for x> 0 and for positive integer n is:  

( 1) !n n                            (29)  

Moreover, it was determined that for each x> 0 also apply:  

x ( ) ( 1)x x                            (30)  

( ) ( )
B(m,n)=

( )

m n

m n
                    (31)  

and the formula of Stirling 
1

x 2( ) e 2
x

x x                      (32)  

that gives us an approximate value and easy for (x) when x takes values rather large. 

There is a negative factorial?  
The next question is: if there is the factor for integer values and fractional (rational), which happens 
if we introduce negative numbers? For example, what is true and what is (-5 1/2)! ?   

At this point, however, have three important instruments: 

 

the integral of Euler; 

 

the product of Euler; 

 

the expression x (x) = (x + 1), x > 0   

This last report is the generalization that the positive integers holds:  

(n + 1) n! = (n + 1)! ,  n>0  

This is a pointless and seemingly obvious that allows you to eliminate the problem of calculating a 
factorial of a real arbitrary and the factorial of a suitable number between 0 and 1.   

In this way if we put n = 4 1/2 in the previous formula get (4 1/2 + 1)! = 5 1/2 (4 1/2)! If we could 
only find the value of (4 1/2)! then know what that is (5 1/2)! . The process of reducing is:  

1 3 5 7 9 11 1
5 ! !

2 2 2 2 2 2 2
      (33)   
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and until we have (1/2)! = 1/2

  
from (12) and (13) we can solve our problem. The above 

formula (n + 1) n! = (n + 1)! is equivalent to:  

(n + 1) * 1 * 2 *  * n = 1 * 2 *  * n * (n + 1)  

It only makes sense for n = 1, 2, ..., and prevents the entry of other values, but produces an 
interesting result. In fact if we get n = 0: 0! = 1. If we consider n = -5 1/2, n = -4 1/2, ..., we discover 
the formula:  

1 2 2 2 2 2 2 1
5 ! !

2 1 1 3 5 7 9 2
   (34)  

since we already know what that is (1/2)! then we then solve (-5 1/2)! . In this way the applicant 
report enables us to resolve values of negative numbers factor. 

Complex numbers, gamma function and factorial 
The next question is: what happens now if we introduce the complex numbers, so dear to Gauss?  

How much is 5!   ?  If in the integral of  Euler replaces, for the variable x, a complex number a + 
ib, with a> 0, we get a complex function that is defined for any complex number lying on the right 
side of the plane and Gaussian  coinciding with ordinary 

 

with real values, except the values 0 -1, -
2, ... The method of extending the definition of the domain of the gamma function as well as the 
method for the continuity was indicated in the analytical work of Bernhard Riemann (1826-1866) 
and Karl Weierstrass (1815-1897). The function with complex values, resulting from the 
replacement of complex numbers in the integral of  Euler, is an analytic function. The function that 
emerges from the product Euler is also an analytical function. If the applicant report to the gamma 
function is fulfilled in some regions then must be met in all other regions in which the function can 
be analytically continues. All portions of the complex plane with the exception of the values 0, -1, -
2, ... are accessible to the gamma complex that has become the only analytical extension for the 
values of the integral of complex Euler (Figure 8).  

 

Figure 8 

 

Factorial and gamma function  
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Figure 8 is the same as in [1], Derbyshire shows how to extend the domain of factorial, which is 
only achievable with the reasoning on the gamma function. To understand why they must be 
excluded some points as previously said it should be noted that by (30) is: 

(x)= (x + 1) / x 

If x tends to 0 we get (0) = 1/0 that is a form indefinite worth  + or - 

 
in dependence to which it  

tends to zero, if left or right. The function range is between an infinite number of discontinuity 
points (points of singularity or poles), where it exhibits a strange behavior.  

 

Figure 9  Gamma function  

The poles are points where the function has an infinite behavior. Such conduct is of the hyperbola   
y = 1/x around x = 0 or y = x tg around x =  /2.   

The analytical functions have many types of singularity, only those with poles are known as 
analytic functions meromorfiche .   

There are also functions that do not have endless arguments for uniqueness and are known as 
integer functions, that is defined for all the domain of values, or there are other points.   

Example of entire functions are polynomial functions while meromorfiche belong to rational 
polynomial, that is with the numerator and denominator.   

The function range is a function analytical meromorfica. Its reciprocal 1/ (x), not points of 
exclusion.  

Various formulas  
The formula of riflection of Euler is: 

( ) z
sin

z
z

                   (35) 

There is a formula of duplication due to Legendre: 
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z 1

(2 ) ( ) ( )
2

z z z    (36) 

And one of Gauss:  
nz(1 ) 1 2 1

( ) ( ) ( ) ( )... ( )
n z n

nz n z z z
n n n

          (37)  

There are many formulas to derive the gamma function as 
2 2

2 2 2

1 1 1
log ( ) / ...

( 1) ( 2)
d z dz

z z z
                            (38) 

There is also a close relationship between the range and zeta function, which then we will show:  

1 1
( ) (1 ) (1 )2 sin

2
z zz z z z                                         (39) 

dove 

z

1
( ) ...

3z
z                                                               (40)  

This formula was used for the first time by Riemann in 1859 and is conventionally ascribed to him. 
In 1894, however, was discovered a modified version of the work in some of Euler 1749.   

For complex numbers, there is also a formula added in 1848 by FW Newman: 

2
1

1 1 ... .5772156649...
( ) 2

z
z z z

ze z e e
z

     (41)  

Because the integral Euler should be considered as a solution to excellence? Its frequency of use is 
due to its simplicity: it is partly a question of aesthetics mathematics. The integral of Euler satisfies 

the fundamental equation, x (x) = (x + 1), and that gives us all the real values of the function in 

the range from 0 to 1.   

As long as the solution to the problem of interpolation is not determined solely, it makes sense to 
add more conditions to the problem and investigate whether the problem has a solution. If so, we 
hope that the solution coincides with that of Euler.   

The applicant expression is of course a report provided to add. If we proceed in this direction we 
find that the range is not the only function that satisfies this report recurrence factor and products. It 

may, indeed, build a pseudo gamma function s(x) calling, for example between 1 and 2 ( s(1) = 1   

s(2) = 1) and permitting the applicant to report to extend its values throughout the area.  

Let s(x) is 1 everywhere between 1 and 2, the applicant report will lead us to function: 

1
s( ) 0 1

s( ) 1 2

s( ) 1 3

s( ) ( 1)( 2) 4

x x
x

x x

x x x

x x x x

                (42)  



 

31

 
Now we consider the constant 

 
= 0, 57721 that appears in the formula (41), it is the constant 

Euler - Mascheroni. There are many expression for it:   

1( ) / |

1 1 1
lim 1 ... log

2 3

x

n

d x dx

n
n

             (43)  

We stop here, you could actually write much about it and for areas as diverse as physics as well as 
mathematics. Certainly the gamma function will never end to be surprised, even with future 
generations.  

Chapter 7. The Riemann zeta function 
The zeta function was initially investigated by Euler values for real if subsequently by Riemann.  

 

Riemann  

The right side of (44) denotes that the Riemann zeta function is a series the "power complex" of all 
natural numbers, while the left side of (44), already obtained by Euler in real-R, show the link 
between the series and the product of prime numbers, and this essentially because the prime 
numbers are part of the natural numbers.   

The demonstration of how to reach the left side is shown below with the steps (a) (b) (c) (d). It is 
also a fine sieve of Eratosthenes in analytical version that takes into account but also the natural 
number 1 (without excluding it): 

1 1 1
( ) 1 ...

2 3 4s s s
s   (a)  

If in (a) multiplied by 1/2s is obtained: 
1 1 1 1 1

( ) ...
2 2 4 6 8s s s s s

s  (b)  

If the (a) subtracts the (b) is obtained:  

 

The zeta function is expressed as seen by Euler's formula and in 
general as follows:  

-s
1

( )
p

s
p

n

s n          (44)  

Where s = a + j b with s  C, while the product is developed 

indefinitely respect to all prime numbers. The second part is  
on the right of equal remembered as "Euler s product . 
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1 1 1 1

(1 ) ( ) 1
2 3 5 7s s s s

s   (c)  

The analogy with the sieve of Eratosthenes, to scour prime numbers, it is evident, for example in (c) 
have eliminated the words power of 2 or multiples of 2. If you repeat the process indefinitely to 
1/3s, 1/5s, 1/7s etc, you get: 

1 1
(1 )(1 ( ) 1

2 3s s
s  (d) 

From (d) descends rapidly (44) noting that they were dealing with prime numbers.  

 

Figure 10  TPN in different intervals   

Riemann rediscover the use of zeta function is just as interested in the distribution of prime numbers 
but relocat logically from the field to the real complex. In this way he studied a complex variable 
and complex analytical called a continuation to the complex plane.  

Since the product Euler (44) is clear that there are zeros for the zeta function for Re(s) > 1.  

Continued analytical and functional  

The Riemann zeta function (it is derived from a series) converges for Re (s)> 1. It may be 
analytically continued (see [1]), so as to converge for Re (s)> 0 (except s = 1) using the following 
formula: 

                                       
1

( )
( )

2 1s

s
s          dove 

1

( ) ( 1)n s

n

s n                      (45) 

The function  (s), also stemming from a series, is convergent for Re (s)> 0. The analytical 
continuation is expressed in the complex plane as follows: 

1(1 )
( )

2 1

s

u
C

s u
s du

i e
          (46) 
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Where C is a route that starts from  

 
and parallel above the real axis, surrounding the origin and 

returning to   parallel above the real axis. 

The gamma function, ( )s

 
is defined as: 

1

0

( ) t ss e t dt                                (47) 

The (47) gives a definition of the Riemann zeta for all values. has a pole at s = 1 with remaining 1. 
It can be expanded into a series of Laurent around as = 1: 

            2
0 1 2

1
( ) ( 1) ( 1) ........

1
s s s

s
                      (48) 

where: 

                                               
1( 1) ln ( ) log

( )
! 1

k k k

k N
m N

m N
lim

k m k
            (49) 

0

 

is the constant of Euler-Mascheroni equal to  0.5772157...  The Riemann zeta meets the 

functional equation, given by  

                                                    
1

2 2
1

( ) (1 ) ( ) ( )
2 2

s ss s
s s                (50) 

The functional equation can be proven using the properties of modular function 

2

( ) i n T

n

t e
: 

1 1
( ) ( )T

TiT
      (51) 

Then for Re(s) > 1,  

2 1
2

0

( ) 1
( ) ( )

2( )
2

s
sit

s t dt
s

           (52) 

Zeros, trivial and not trivial 
From the expression containing the gamma function follows that ( )s

 

cancels to n = 1, 2, 3 ... 

To verify this just plug 2s n

 

in (50) and you get: 

                                               
1

2
2

1
( ) (2 1)

2( 2 )
( )

n
n n

n
n

                           (53) 

Since 
1

( )
2

n

 

and (2 1)n

 

are finite and ( )s has got a pole at s n

 

accordingly ( 2 ) 0n

 

for n=1, 2, 3... The points that any function is lost, and therefore the zeta, are called "zeros of the 
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function", in particular the zeros of the zeta function on the real negative zeros were trivial. The 

non-trivial zeros of the zeta function are more interesting and are directly linked to (x). If we put 

them in a functional expression 0s s

 
as complex zero of ( )s

 
then also 01 s

 
is a its zero. Since 

( ) ( )s s

 
then also 0s s

 
is a complex zero if 0s

 
is a complex zero. In figure 11 we have 

zoomed in enough to allow you to visually analyze it adequately, is the recommended the zeta 
function of representation in the plane of values, with the two lines of the critical strip and zeros of 
the function. In figure 12 are scored the points that the Riemann zeta function sends, to vary the 
values by which s depends on the real and imaginary on, that is where we are not trivial zeros. So is 

the representation of the plan of the arguments of s of the 

 

function. While the figure 12 next there 

is the representation of the same 

 

function in the plane of values.  

 

Figure 11 

  

in the plane of arguments 
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Riemann Hypotesis (RH) 
The Riemann Conjectures, RH named, said that "the complex zeros of the zeta function are on a 

line, the critical line and have 1Re( ) .2s "  

In agreement with RH if ( ) 0s

 
and Im( ) 0s then 

1
, .

2
s iw w R

  

Figure 12 - 

 

in the plane of values  

Figure 13 shows the top ten zeros of the zeta function   

 

Figure 13  Zeros not trivial and critical strip  
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In Figure 13 for simplicity has been stopped at the second decimal place of the imaginary part, but 
in reality the values of imaginary zeros values are irrational.   

The history of research zeros is summarized in Table 7 next.  

Year Number of zeros Author  
1903 15 Gram 
1914 79 Backlund 
1925 138 Hutchinson 
1935  1,041 Titchmarsh 
1953 1,104 Turing 
1956 25,000 Lehmer 
1958 35,337 Meller 
1966 250,000 Lehman 
1968 3,502,500 Rosser, Yohe, Schoenfeld 
1979 81,000,001 Brent 
1982 200,000,001 Brent, Van de Lune, Te Riele, Winter 
1983 300,000,001 Van de Lune, Te Riele 
1986 1,500,000,001 Van de Lune, Te Riele, Winter 
2001 10,000,000,000 Van de Lune 
2004 900,000,000,000 Wedeniwski 
2004 10,000,000,000,000 Gourdon en Demichel  

Table 7 

 

Zeros not trivial - History  

Recalling the gamma function of Euler and s ( ) ( 1)s s , then: 
   

(s)= (1-s)       (54) 

dove 2( ) ( ) ( )
2

s s
s s  per a>0 

From the (54) is: 
1

2
1 1 1 1 b

b arg( ( + ib))= [log ( + ib)]- log
4 2 4 2 2

ib

 

Then: 
( ) 1

( ) ( )
2

j bZ b e ib  is real (for real b).  Now is: 
1

( ) ( )
2

Z b ib

 

So, the key result is that the zero-Z is the imaginary part of zeros of 

 

on the critical line. The Z is 
the function of Riemann-Siegel. The Z was introduced by Siegel, years later, the consulting his 
notebook of notes, the "nachlass" of Riemann. In nachlass, Riemann had introduced a method by 
which it was able to calculate with sufficient precision at least the first 10 zeros.   

In fact, the non-trivial zeros, they all have real part equal to ½, what varies is the imaginary part are 
told that height T.  

In particular, it is possible to calculate the number of zeros (positive part of the symmetry seen) in 
the game until high T with the following formula Riemann - von Mangolt:  

( ) log( ) (log )
2 2 2

T T T
N T O T            (55)   
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The formula is also valid for low values, if we neglect the first term O (log T). For instance, for T = 
100, 1000 and 10000 N (T) 28,127 worth 647,741 and then finally 10142.090; against the real 
values that are 29 and 649 and 10,142.   

There is a theory that allows you to find the number of zeros in the critical strip between T1 and T2, 
while another part of the theory can find the number of zeros that are on the critical line between T1 
and T2. For example, if we call m with the number of zeros in the critical strip between 0 and 1 of 
the real and n is the number of zeros on the critical line (in the direction parallel to the imaginary), 
then it proves that if m = n mean that the RH would be true because all the zeros of the strip would 
be critical on the line criticism, but if it was m> n then the RH is not true, because there are also 
zeros in the critical strip.  

So far this method has not been effective to say something more. Odlyzko, like many others, argues 
that the breach of conjecture, perhaps, could be a T2 values very high that the current computer can 
not reach. The method above is still in some ways misleading: so far investigating local areas has 
found that m = n, but they can not investigate further and knowing that the zeros are endless 
demonstrations also Littlewood (and even there the further conjecture " the zeros are not trivial 
multiplicity 1 ") could exist a few counter-example not yet met.   

This uncertainty mathematicians descended from the behavior of so-called "periodic terms" of 

Riemann, the result of Littlewood, about the change of infinity sign of the difference (x) 

 

Li(x), 

including consideration of the filters of Chebyscev. A very high values indeed the sign of terms 
periodicals take over the entire log and the behavior is unpredictable at present..  

Average spacing of the zeros in the critical strip 

The average spacing of zeros in the critical strip is 
2

log( )
2
T

. This means that a unit of upright 

there are a number of zeros:  

1 1 1 1
log( ) log log 2 log 0,29250721...

2 2 2 2 2

T
T T

  

This value is called the density of zeros. To grow by T the first term becomes much more of the 
constant whereas becomes negligible. 

( )x and the zeros of (s) 

To understand the relationship between (x) and the zeros of the zeta function, we must introduce 

the J (x) function (see [1] for the meaning and use) that counts, with some weight, prime numbers 
and powers of prime numbers less or equal a x: 

      1/

1

1
( ) ( )r

r

J x x
r

         (56) 

Note that the (56) is not a real number, but consists of a finite number of terms: we just have to 
calculate J (100) for it. 
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Using the Mobius (see [1] for the meaning and use) ( )x

 
can be expressed in terms of ( )J x : 

                                                1/

1

( )
( ) ( )r

r

r
x J x

r
                                (57) 

The link between ( )s

 
e J(x) is obtained as follows:  

1( ) (1 )s

p prime

s p                            (58) 

     ln ( ) ln(1 )s

p prime

s p
1

ks

p primes k

p

k
             (59)  

As is well explained in [1], in (59) has applied the integration of Newton linked to expression: 
2 31

1 ...
1

x x x
x

 

If the previous expression is integrated for x and you change the sign to bring the term 1-x to 
numerator, then it is obtained: 

2 3 41 1 1
log(1 ) ...

2 3 4
x x x x x

  

At this point, (59) is an infinite amount of infinite sums (the latter one due to the development of 
logarithms). Now what is equal to 1/p k s ? We consider the integral of x-s-1. Now it is: 

11 1

k

ks s

p

p s x dx
k k

. Then: 

           1 1

1 1

1 1

k k

s s

p primes k k primep p

s x dx s x dx
k k

  

           = 1

1 1

1

k
i

s

k i p

s x dx
k

                                           (60)    

What is a term as 11 1

k

ks s

p

p s x dx
k k

 ?   

It is the strip of area of the J(x) beginning at pk which is high 1/k e that goes to infinity, the figure is 
an example later on after 1/2 * 1/3s.   
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Figure 14  J(x)  

Having to add strips of infinite area, the result is infinite (a NaN, so do not negotiable), so in order 
to compress the total area and get a finite result we must operate a "crushing" which is offered by 

the J (x) through the term 1

0

( ) sJ x x dx . In figure 15 later we see that this system allows the 

"crushing" of the previous picture, so you can arrive at a finite area.  

 

Figure 15 

 

Crushing with J(x) 



 

40

  
A sum of terms as in (60), then, equivals to: 

                           1

0

ln ( )
( ) ss

J x x dx
s

                       (61) 

The 
ln ( )s

s
is the Mellin s Transform of ( )J x . The inverse Mellin s Transform gets ( )J x

 
linked 

to 
ln ( )s

s
: 

                                                     1 ln ( )
( )

2

c i
s

c i

s
J x x ds

i s
.                   (62)  

It is also possible to express the zeta function as if it were a integer function (that is defined in all its 
complex domain, but with a "mathematical trick")  and therefore according to its roots 

 

(the non-
trivial zeros): 

                                           
2

( ) ( ) ( ) ln(2)
( 1) ln( )x

dt
J x Li x Li x

t t t

 

  (63) 

Where ( )
ln( )

x du
Li x

u
and 1.45136...

 

is the Soldner s constant.   

The terms ( )Li x

 

are the periodic terms

 

as we called Riemann. The term "periodic" is due to 

the closure of the series around - i or + i. In [1] shows the behavior of "periodic terms" for low 
values and the assumptions made that the RH is true. This precision is due to the fact that the charts 
presented therein are a result of all that flows from RH.   

The prime numbers, however, subdividing the filters Chebyscev in two categories of rest, we note 
that the increase of N, the two groups tend to vary in size slowly, one compared to another, and 
therefore their difference changes sign many times in various intervals (indefinitely).   

The table below shows few value by example and it includes the above because you can tell that for 
a large prime numbers with remaining 1 are fewer than those with remaining 3 but that the violation 
occurs then to a certain value (p = 26861). In reality this is endless times. With the filter to 2 will 
get the rest to 1 (true even for an odd number). With a 3 filter the differences are even more remains 
with 1 and 2.  

Filter divisor 4 
Rule:  

# primes rest 1  <  # primes rest 3 
P Rest 1 Rest 3 

101 12 13 
1009 81 87 

10007 609 620 
26861 violation  

Table 8  Filter of Chebyscev  

Similar considerations, with slight differences could be made by splitting the numbers in the first 
two generating 6n-1 and 6n +1 (excluding the composite and on 2 and 3) with n ranging from 0 to 
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infinity.  In fact, everything is repeated alternately  (x) - Li (x) (result of Littlewood) indefinitely 
for the difference  and this impacts on regular terms through non-trivial zeros. How everything is 
linked is not entirely clear. Certainly in (63) the periodical terms could cause the  overlapping of the 
spirals, reaching an extremely complex situation . Following are shown in figures, taken from [1], 
on regular terms, which highlight the above.                                  

Figure 16 

 

Periodical Terms of Riemann  

Returning to the links, ( )x is linked to ( )J x

 

and ( )J x

 

to the zeros of the ( )s then the counting 
of prime numbers depends on the non-trivial zeros of the function. This was the result proposed by 
Riemann and demonstrated in 1895 by von Mangoldt. 
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RH1 equivalent to RH (result of Lagarias) 
The Riemann hypothesis is equivalent to some conjecture linked to other functions multiplying. For 
example by calling 

\

( )
d n

n d  the sum of divisors of a number, then it is: 

( ) ln ln 5040n e n n n        (64)  

The (64) is the theorem Robin.    

From (64) Lagarias has recently shown that the RH is equivalent to try the following relationship 
between the " harmonious number" and the sum of its divisors:  

                            ( ) log( ) {1, 2,3,......}n
nn

Hn H neH                                 (65)  

where 
\ 1

1
( )

n

n
d n k

n d e
kH

 

is the harmonic number or series of harmonic of n terms.  

The Euler formula provides a product that represents the zeta function, but it is possible 
representation of the product include the zeros of the function (Hadamard): 

                                              
0(ln(2 ) 1 )
2

( ) 0
Im( ) 0

( ) (1 )
2( 1) (1 / 2)

s s
e s

s e
s s

                  (66) 

Where the product is on  , the roots are not trivial zeta function, k, can be used to establish similar 
series to series harmonic in that case are converging.  

Let ( ) : n
k

k

Z n , then ( )Z n is convergent and (1)Z

 

was determinated by Riemann and is 

0

1
(2 ln(4 ))

2
.  

In RH1 is still not surprised the presence of complex numbers or numbers first, but in reality the 
link exists and is very thin!   

And we see that:  
1

ln ln( 1)n

d
t H n

dt t

 

Hn diverges and grows as it goes ln the following fundamental limit: 
lim lnn
n

H n

 

where  is the constant Euler-Mascheroni, certainly considered irrational and perhaps transcendent 
(so far not shown). 
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RH2 equivalent to RH (Mertens function) 

The RH2 unlike the RH1 is directly related to prime numbers, through the function of Mobius . 
In [1] shows that if you consider the inverse of the Riemann zeta reveals that:  

1 1 1 1
(1 )(1 )(1 )...

( ) 2 3 5s s ss

  

If you make all possible combinations of the terms between brackets you get a sum of terms where 
there are no all natural numbers. In practice, there remain only natural that the numbers are:  

 

the product of an odd number (including 1) of prime numbers and different as a negative,  

 

the product of an even number of prime numbers and different as a positive  

Disappearing natural numbers that are divisible by a prime number  defined as squared (or power). 

Introducing the function of Mobius  follows:  

 

(1)=1 

 

(n) = 0  if n is divisible by the square of a number 

 

(n) = -1 if n is a prime number or the product of an odd number of distinct prime numbers 

 

(n) = 1  where n is the product of an even number of distinct prime numbers  

In this case is: 
1 s

( ) s
ns n

            (67) 

Now we introduce the function of Mertens M(k): It is the cumulative value of (n):  

( )
k

M k            (68) 

Now the RH2 is equivalent to RH as: 

M(k) = O (k
1/2+

)     (69) 

With 

 

littler pleasure.   

Taking into account the definition of the big O: then the (69) is another way of saying:  

M(k) < c k
1/2+

       (70)  

In reality, (70) is also expressed as follows:  

M(k) = O (k1/2 ln k)          

Now it is known that ln k grows more slowly in any power (see chapter  on the logarithm), but not 
full, then  with a , small pleasure, you can substitute the term ln k with the term k

  

and with the 
rule of powers with same basis follows the (70).  
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A weaker conjecture, proposed by Derbyshire, is:  

M(k) = O (k1/2)               (71)  

The (71) is equivalent to:  
M(k) < ck1/2  

It also be demonstrated. We think that despite this conjecture is weaker or, rather, somewhat 'more 
difficult to demonstrate (or is true) because in practice it is stated that the log k must lead, despite its 
already considerable efforts, just as x0 power, which is difficult. Basically we believe that 
unfortunately M (k)  O (k1/2).  

The probabilistic interpretation of Denjoy 
Denjoy propose a statistical interpretation actually valid. For example, consider all the natural 
numbers from 2 everyone in writing and also his first factors and neglecting all the numbers that 
have a square or power and continue to mark with T (head) numbers that have a number of factors 
first and C (cross) those with odd numbers of factors first.   

From the statistics we expect that the aim of N tends to a large number of tosses of a coin perfectly 
balanced, you get N / 2 heads and N / 2 crosses but with an error for the head or a cross (Jakob 
Bernoulli) that is approximately the square root of N! In other words, to grow to  with a little 

pleasure. In reality N, the error is less than N1/2+

  

the idea of RH could also descend from here and 

be demonstrated (but not so simple) in the field of probability.   

The one above could also sum up simply by saying that a number of factors without first repeat is a 
T (head) or C (cross) with probability ½.    

RH3 equivalent to RH (results of Von Kock) 

The RH3 shows, and this was the real purpose of Riemann, 

 

(x) - Li (x) and its absolute and 

relative error. On other hand, the logarithm integral be expanded in series as follows: 

2 30

! 2
( ) ...

ln (ln ) ln ln ln
kk

x k x x x
Li x

x x x x x

 

   (72) 

From here: 
( ) ( ),x Li x x

  

Already Hadamard with the demonstration of the PNT had shown a fault between (x) e Li(x): 

ln( ) ( ) ( ),a xx Li x O xe x

 

with a>0.  

In the book of Bachmann, Von Kock expressed that report as follows: 
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(x) - Li(x) < k ( x log x)                     (73)  

Today is expressed merely through the big O (as seen in RH2) as follows:  

| (x) - Li(x)| = O(x
1/2+

)                              (74)  

To understand how the (74) flows from (73) need to recall the reasoning of the previous O great, 
and that the log varies more slowly powers of x, then it is true the following expression:  

log x = O (x )  

from which the rules of the powers descends (74).   

The error term of Von Kock, O(Log x  x) implies the error term O(x1/2+ ) but it is not true vice 

versa because the two results are not entirely equivalent: Although log x grows faster than any 
power of x, this is also true for (log x)N, with N positive. In other words, the (74) would be true 
even if the same period the error in (73) were type O ( x (log x)N) with N any positive value. La 
(74) then is a form of weak (73).   

About the (74) through (73) were also proposed values k. Lowell Schoenfeld in 1976 proposed the 
equivalent of (73)  with k = 1 / (8 )  for x  2567.  

RH4 equivalente a RH (funzione ) 
If we let (x) =    log(p) where the sum is extended to all prime numbers less or equal to (x), 
we find the results of the table below.  

(n) Value 
(100)                         

 

83,72 
(1000)                      

 

956,24 
(10000)                     9895,99 
(100000)

 

99685,4 
(1000000)              

 

998484 

Table 9  Values of (x)  

Again, to estimate the error committed, that is the difference between  (x) ex, we are helping the 
RH, equivalent in another development, RH4.   

Since any > 0, there is a integer that for every t    

(t) -  t    <   t     t   (75) 

RH5 equivalent to RH (Farey sequence) 
If Fn is the Farey sequence n order, starting with 1/n up to 1/1, then for all e>1/2 is 

1

| | ( )
m

e
n

i

i
F i O n

m

 

         (76) 
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Then the (76) is a form equivalent of RH, where 

1

( )
n

i

m i is the number of terms Farey sequence 

n order. For e> -1 is also equivalent to the RH following expression: 
2

1
( )

m e
ni

i
F i O n

m
           (77) 

RH6 equivalent to RH (theory of groups and Landau function) 
The RH is equivalent to some conjecture of Group Theory. For example, if you indicate g(n) the 
maximum order of elements of a group of Sn symmetry of the rank n, known as the Landau 
function, then the RH is equivalent to some n> M: 

1ln ( ) ( )g n Li n                        (78) 

RH7 equivalent to RH (Derivative of the Riemann zeta) 
The RH is equivalent to the fact that the derivative of the Riemann zeta function 'non has zeros in 
the strip 0 <Re (s) <½.   

This result is much more important than you think. 

 

say that only non-trivial zeros on the line 
criticism, while the 

 

'has no zeros in the strip 0 <Re (s) <½, allows us to extend the zone of zero-
free at: 0 <Re (s) <½ . This result is a Norman Levinson served to show a theorem on the critical 
line. 

Considerations on assumptions equivalent of RH 
In fact, those are the main made several notes, but there are other options. It 'obvious that the 
demonstration of one of RH equivalent lead us to a more theoretical knowledge and know how to 

predict the  (N) whatever N and count the numbers first. At that point we value  will have the 

knowledge of the true distribution of prime numbers.   

We know that (44) is the heart of the whole theory and philosophy of the Riemann problem. It 
brings together of the inverse sum of a complex power of natural numbers, with a product of powers 
of prime numbers. Accordingly (44) brings together an additive in which positive numbers are 
added, increment by 1, with a multiplier effect. This is also the "crux" of the attacks that are 
developing Riemann hypothesis, bypassing the structure multiplication of prime numbers with the 
addition of natural numbers. Just thinking about it realized the importance of the problem of 
Goldbach, the conjecture of Polignac, Chen and the work of Vinogradov, Lagarias, etc and also the 
contribution of various groups such as ERATOSTENE.   

So far, was not found the final solution. Probably equivalent if the assumptions are too tied to RH 
or the same technical solution will be found again in a stalemate. In every case these are not the 
only roads bars, many other mathematical tools involve far more complex: Fourier transformed, 
probabilistic analysis, operators of Laplace, etc that do not look here.    
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LH: the Lindelhof hypothesis 
The hypothesis of Lindelhof says that for every > 0 is: 

1
( ) ( )
2

it O t ,  for t to 

  
                     (79) 

If you let pn the n-th prime number, Albert Ingham showed that the hypothesis of Lindelhof implied 
that for > 0 and n sufficiently large:

 

1

2
1n np p p                                          (80)  

But what exactly says the LH? If it is any complex as  + it,  the LH wonders how, for a value set 
, varies the module | ( ) |it

 

to vary of t. Best of all speak the figures that show below.  

 

Figure 17 - Behavior LH (a)  

 

Figure 18 

 

Behavior LH (b)  
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The diagrams show, for example:  

 
in A4 

1
(0) |

2
  (for the truth is 1

(0)
2

); 

 
in A5 we have the zeros not trial of the function, at t=0 e =1/2; 

 
in A6 there is a divergence of the harmonic series; 

 
in A7 there is the value  1,644934 (result of the Basel series) 

 

in A8 the Apéry s number: 1,202056

  

in A2 there is a zero not trial for t=0; 

 

in A1 e A3 there are false zeros: the approssimations were so small that were recorded as 
zeros.  

The objective of LH is to identify by graphics a big O. In this graphics is known that:  

 

=-1,-2,-3 chart has the appearance of an O (t2) or O (t3), because there is a rapid growth of 

 

to  left along the negative axis;   

 

=2, 3 the graph seems to O (1) or O (t0) is the curves vary below a certain value; 

 

In the critical strip for =0, ½ e 1 is difficult to understand the trend or to say that O can be 

great.   

The LH assumed that, in general, for every  there is a value  that: 

( ) | ( )it O t    (81)  

But what happens when we are in the critical strip with  =0, ½ e 1 ? Currently the theory says  is 

function of  : ( ), the  Lindelhof function, shown in Figure 19  

 

Figure 19 

 

Lindelhof function  

This feature behaves in this way: 

 

0, ( ) = ½ - 
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1, ( ) = 0 

 
0 

  
1, ( ) < ½(1- ) and it is under the dotted line of the function. 

 
For all values of , ( ) is convex down, even in critical strip, so in critical strip ( ) is 
positive or nothing.   

 

Figure 20 

 

Lindelhof Hypothesis  

In the picture we see for =1/2, (1/2)=0 then: ( )=1/2-

 

from -  to =1/2 and ( )=0 for 

>1/2. 

In fact, so far no one knows the values of ( ) in the critical strip  The LH is a big challenge, as 

well as RH. If the RH is true automatically so is the LH, but not the opposite is true, indeed LH 
is a weaker conjecture of RH.    

Generalized Riemann Hypotesis (GRH) 
It can refer to the L-functions, which are formally similar to the zeta function. In general, the L-
function may be associated with elliptic curves, the theory of fields (in this case we speak of 
Dedekind L-function), and there are others such as the Dirichlet L-function.  

The Dedekind L-function are of interest ERH (Extended Riemann Hypotesis, which does not look 
as it involves the theory of fields, while the Dirichlet L-function relate to GRH.   

The GRH was made by Piltz in 1884 and has links and consequences on prime numbers.  
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Formally a "type Dirichlet" is an arithmetic multiplicative  that there is a positive integer k with 

 
(n + k) =  (n) for all n; while you  (n) = 0 if the gcd( n, k) > 1.   

From where comes down and what does all this definition? It is nothing that the generalization of 
what Dirichlet had found.   


