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Abstract

This work presents various mathematical basic ideas, for the understanding of issues relating to the
Riemann hypothesis (RH), the RH’s equivalent and the GRH. This “Block Notes of Math” shows also
subproblems of the RH, the LH hypotheses, the factorization and the main links between all the
equationsinvolved, through a “grid connections”.

The authors then show how the "RSA code" can be under attack, where the factorization of a semiprime
N (N=a*b) is obtained through the Goldbach conjecture, with and a second-degree equation or through a
second-degree equation of the type x2 = & mod N. Also they show how the problem of Basel has already
solved in closed form for N odd with the constants zeta. Then they propose a new conjecture through the
use of average cumulative Mertens function linked to the Mertens function and finally there is the
presentation of a conjecture of how G (N), the number of solutions of Goldbach, and g(N), the number of
twin primes, are linked with the logarithm integral of Gauss and the RH. This conjecture is candidate
as additional and equivalent hypothesis of the RH .
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The authors thank right now all readers patients will return a feedback on this work.

1 1t’s a famous phrase of Isaac Newton and the title of one chapter of the Derbyshire’s book [Reference 1]. However,
given the "stature" of mathematicians who have brought us up to Riemann, and unfortunately we can’t mention
everyone, it seemsto us a proper title for the article.

2 Rosario Turco is an engineer at Telecom Italia (Naples) and creator of "Block Notes of Math" with the prof.
Colonnese Maria of High School "De Bottis' of the Torre del Greco, province of Naples, and all the other authors are
part of the group Eratosthenes of Caltanissetta (Sicily)
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Introduction

The Riemann hypothesis is something extremely fascinating, not only for those who worked for
professional, but also for the many fans of mathematics. Behind such cases are discovered every

day abreadth of subjects, perhaps the most beautiful mathematics.

The case involves arithmetic, the theory of numbers, algebra, geometry, analysis, statistics,
probability, the finite and infinite fields, operators and any kind of numeric field: integers, rational
and irrational Real, complex, p-adici; extends also to problems such as factorization, encryption and
elliptic curves and then connects to practical problems in physics and formal languages (such as
string theory etc) up to projects of enormous importance as the Langlands.

The work of Riemann and the mathematics he devised to support his hypothesis, were of
considerable help to solve many other problems from the demonstration of the PNT. The amount of

publications and theories born after next Riemann hypothesisis an enormous breadth.

In "Block Notes of Math" we show, where possible, the path taken by the main ideas and how they
are formed; up to understand the enigma of the century. We show the tools necessary to the
understanding of the problem, sometimesin a strict and sometimes so simplistic, both for reasons of
space as well as for adequate expertise on certain topics very complex, is not to weigh too "Block
Notes of Math" and to lose the sight line of reasoning that leads to Riemann.

They are obviously recommended that further study can be made either on both scholarly texts on
sound, university and not for each of the topics shown here.

The purpose of "Block Notes of Math" is, therefore, media, divided into chapters, with the theory is
strictly necessary; considerations, calculations and disquisition, sometimes corrected and sometimes
as fly of Pindar (please do not!), eager to find other roads and provide new ideas, is intended to
serious is the careful reader, who knows a little ‘'more than mathematics. If we will manage to get
yourself to mathematics and use it to devote an issue of Theory of numbers we will achieve our

small target.
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Chapter 1. Prime number and their distribution

The first evidence that there are infinite prime numbers was given by Euclid in the third century
B.C.; while a greater understanding on the distribution of prime numbers was given in 1896, when
Jacques Hadamard and Charles de la Valle Poussin independently proved the theorem of Primes
(TPN). In truth, the RH was made by Riemann and many of his mathematical tools were useful in
demonstrating that the TPN could make use of aless strong assumption of RH.

Now we define the following step function, which counts the prime numbers:

m(x)=Y 1= # of prime numberslessor equal tox (2)

p<x

The graph of z(x), for various intervals, is shown in Fig. 1. From (2), knowing that there are
infinite prime numbersis.

7(X) > wasx—> o (3)
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Figure 1 — Performance of w(N)

The problem was to find a formulato get the value 7 (x) , a X, not counting the prime numbers and
without having to draw endless tables.

The first theorem of prime numbers (TPN), was proposed by Gauss in 1792, which gave an
asymptotic formulafor X+ oo, and later shown to be strictly Hadamard and Poussin:

7Z'(X)z X

In(x) (%)

In the alternative the (4) gives.
lim 7 (X) In(x) 1

X—>0 X




The (4) (see[1]) isaconsequence of Gauss observation about datain Table 1 below.

P

(aF : N LogN | N/m(N) | Errore
: %
1000 6,9077 | 5,9524 | 16,0490
1000000 13,8155 | 12,7392 | 8,4487
1000000000 20,7352 | 19,6665 | 5,3731

1000000000000 27,6310 | 26,5901 | 3,9146
1000000000000000 34,5387 | 33,5069 | 3,0794
1000000000000000000 | 41,4465 | 40,4204 | 2,5386

Table 1 — N/w(N)

Table 1 is the representation of a table, with values of entry and exit. The entrance here is the
argument N while the exit is the value of function N/w(N). It's a classic mathematics discover from

atable of data that if a subject varies sum for constant and the corresponding value function for a
product constant then it is an indication of the existence of a logarithmic dependence (natural

logarithm). If, conversely, N increase as the sum while N/x(N) as a product then the dependence
will be exponential. From Table 1 it is noted that its growth of the N with the product of a same
factor (1000 for example), the "value function™ N /w(N) growth for constant sum (in this case about
7 units) while the error rate decreases more and more.

Later Gauss defined the function Li(x):
Li(x) = d
5 In(t)
The integral part of the value 2 as the natura number 1 is not considered prime number. In this
case, the TPN can be rewritten as evolved:

7[(X) = LI(X) (5)
In other words, we approximate «(x) with the area under the full logarithm.

Lilx) mix)

xﬂnglx]
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From Figure 2 shows that the error that you get with (5) is better than that achievable with (4).
Apparently it seems that Li(x) is dightly w(x). But we realize that it is higher than the values

obtained with =(x). But it isn’t always true.

Consequences of the PNT

The PNT involves at least two consequences:
e Thelikelihood that N is aprime number is ~ 1/log N

e The N-th prime number is~ N log N

The first consequence is justified by the fact that if there are N / N log prime numbers between 1
and N, the average density of prime numbersis 1/log N; N also because high order of magnitude of
most of them are comparable with N, the density of prime numbersis 1/log N.

By a similar reasoning can also estimate the size of the N-th prime number. For example, assuming
a large number K and considering a range of numbers from 1 to K where there are P prime
numbers, then on average can be expected that the first prime number isaK / P, the second at 2K /
P etc. and the last to PK / P = K. For the PNT, however, P = K / K log and the N-th number is the
first from the parts of NK / P = NK / (K / log K) = N log K. But K is of the same order of
magnitude of N for the N-th prime number is around N log N.

Chapter 2. Behaviour of the natural logarithm and powers

We have no intention to show what the log, decimal or natural, nor the rules of powersto whichitis
attached. What interests us is to show, however, the behavior of the natural logarithm In, compared
to the behavior of powers x® This will pay later when discussing the Big O and equivalents
Riemann hypothesis.

Potenze di x

La funzione x*, per piccoli a positivi

Figure 3 - Logarithm vs powers

In Figure 3, in the dash is the evolution of the natural logarithm In x; while there is continuous
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stretch with the development of power x® with a= 0.1, 0.2, 0.3, 0.4 and 0.5 or smaller values of a.

There are the following:

» smallest is the value of a, more flat trend is the power x? until at a= Othe trend becomes flat
maximum, that is equal to the constant 1 = x°

« for values less than a certain value (in practice 1/ €), the curve of Inx soon crosses the power x*
(never more than a €°)

* no matter how small is a, at the end Inx is more flat than power. In reality for a< 1/e and thisis

always true, while a> 1/e and, for large values of x, the In x crosses again the curve and then x*

forever remain lower. For example if we put a = 0.00000000001 the power is almost flat,

corresponding to 1 (grows slowly in reality) and In x beyond the right a little distance and flat

becoming increasingly crossing and staying power forever under it. In redlity it is as if one were to

In x lead as x%!

In other words In x grows much more slowly to a power x pleasure, and the same is true for any
power of logarithm and could be observed with aplot similar to the previous one.

Natural logarithm, derivative and integral

Let's consider the derivative of the powers of x. We have atable like the one below.

Function x> N xP]T X ]

Derivative | -3x* | 2xT | x| 0 1 | 2x | 3x®

Table 2 — Behaviour of the derivative

Recall that the derivative is a deviation from a variable. For example dv / dt in physicsis the change
of speed or acceleration. The derivative represents the slope or the gradient (or rate of change) of a
curve at agiven point. For example, the slope of In x isalways 1/ x

Now let's consider the integral of powers of x and we have atable like the one below.

Function x> xZ xP [ x| X Na X

Integral -Y%x? | x-1 | Lnx | x | wx® | 13x° | 1/4x°

Table 3 - Behavior of theintegral

We note again as the log is dtll effots to act as the power x°

If the derivative shows us the gradient of a curve at a point which shows us the integral? Just the
area under the curve.

The defined integral, that is defined in a specific variable, may have a limited interval or a non-
restricted interval with at least one of the extreme +oo0 O -0,

Inthefirst caseis certainly an area gets over, in the second case also depends on the function that is
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integrated. For example, the indefinite integral:
I x*dx
2
according to the rule of integration resultsin:

o0
{_EX_B} :o_(_£2—3):i
3 ) 3 24

In this example we get areal value over.

The indefinitely integrals, however, were based on a different concept: they are essentially the
inverse of the derivative transaction.

Chapter 3. The series and the concept of extending the domain

Hereinafter meet different types of sets: the harmonic series, the series of Basel, the series of
Riemann zeta ...

What is a series? We will try to present only the concepts, leaving the willing to deepen the
mathematical rigor on some good text school or university.

Harmonic series
The harmonic series is expressed by the formula:

1

n=1 n

The symbol Z means "summation” of the terms 1/n for the values of n ranging from 1 to infinity,
n=1

in other words is equivalent to the sum of theinverse of al the natural numbers (n eN):

1111
I+ —+=+—+=+..=©
2 3 45

Infact if we indefinitely sum the elements, the series "diverges’; it takes value NaN. o is just a
convention. Let’s also say that «c doesn’t exist in Math (= NaN is Not a Number).

The first demonstration of divergence of the harmonic series goes back t0'300 by Nicholas of
Oresme, who noted that 1/3 + 1/4 is bigger than ¥2 and the same goes for 1/5 + 1/6 + 1/7 + 1/8. In
other words, if we take two terms, then 4, then 8, then 16 etc. is that the value of the series grows
ever. So it isinevitable that the harmonic series diverges.

In general, a sum of inverse series of natural numbers is called Dirichlet series (it were introduced
by Dirichlet and Dedekind); they are of the form:
4,8, %, &
r 2 3 n°
If the harmonic series (of infinite elements) is considered only n elements, then we talk about
harmonic number Hn.
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There are divergent series only? No. There are also converging series and series conditionally
converging.

A series is convergent if the sum of al its infinite terms gives a value over. In truth would be
enough value to say - not finished - because it is not an infinite value.

Also there are series that are converging, only if we respect the order of sum of! That is why they
are caled conditionally convergent, otherwise it would be fairer define absolutely convergent.

An example of absolutely convergent series would be:

1 1 1 1 1 1
+—+
2 4 8 16 32 64

It's a series that has a denominator twice the previous deadline for which is half of the period
immediately preceding. It is not difficult to understand that converges to the value of 2 because, as
the incremental contribution of each term isincreasingly halves.

Infact if you are two segments, one file to another, to represent the value 2 and puts you on the side
of the first segment, which represents 1, then add %2 means half of the second segment and get 1 1/2
(to be read as 1 and a half). Then add % means adding a 1 %2 half of the second segment remained,
add 1/8 etc.

We see, however, the effect of shrimp following a series mixed signs and the denominators which
doubles (similar to the previous except for the signs alternate):

+
248163264

If you represent all with two segments as we did before, we soon discovered that placing himself at
the end of the first segment (value 1) you must go back because of the negative sign of %2 (back to
the middle segment), then this half segment should go ahead etc ¥ Do not ever succeed in
overcoming the 2/3 of the first segment!

The series signs aternate, like as harmonic series, is named n function (read "eta") of Dirichlet

with s= 1. The n function in the most general nfunctionis:
l l (_1)n+1

n(s): 1——+—s—...+ .

3 n

+..

If s=1 then it convergesto log2.

Mengoli is also known for his series (series of Mengoli) that has the following form:

1 1 1 1
+ + +.. +
1*2 2*3 3*4 “n(n+1)

The series, however, was horrified Abel is the number of Grandi:
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1-1+1-1+1-1+..+(-D)" +...

G. Grandi, 1671-1742 N. Abel, 1802-15829

According to Grandi and Euler this series goes 2. Thejustification isthat if wes=1 - sthisimplies
that s= 1/ 2 and fairness are satisfied. According to the mathematics of today, this seriesis defined,
however divergent, it is O or 1 depending if either is deemed an odd or even number of terms.

Another concept that we want to stress is that set to converge in a closed form, which in math
means that tends to a precise value, an exact calculation and not as an approximate measure.
Typically an approximate value is a representation in decima form periodic or irrational (with
infinite digits). An integer value or afractional (rational numbers) are an exact value.

Try to prove, by the method described above, if the two series suggest that there are converging or
diverging, and if it istrue that converge below the value proposed:

11 1 1 1
I+—+=+—+—+..=1—
3 9 27 81 2
rr.1,03
3 9 27 81 4

We answer, no fear: they are both converging at the values proposed, but some do test it!

The series are studied in mathematics and analysis of mathematics is the kingdom of the study
limitations, of infinitely large (infinite) and infinitely small (infinitessimal), but also of the integral.

The limits are the heart of many other analytical concepts as they arise:

o . Lo A
e thederivative asaincremental limit IlmAHOA—y
X

e approximations of aterm over another
e theintegral aslimit of sum
¢ the convergence of a number or a succession

With the series are linked by the succession of numbers, represented by a set of numbers separated
by commas and such that each is derived from a rule. For example, suppose the following rule:
"every number is a fraction where the new denominator is derived from the sum of the numerator
and denominator previous and the new numerator is derived from the sum of the numerator and
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denominator of the double." We realize now that because of the succession rule also finds endless
numbers. The sequence is then:

Rl
N w
S RN
oIS

Where to converge over the succession? In reality we are talking about then the series:

1 3 7 17
—+—F—=F—+..=v2
1 2 51 V2

The limit of the succession is +/2..

One way to realize it is considered a pretty big number in the series, obtainable with the rules set
out earlier. To avoid the sguare roots, we can consider the square of it, which tends to 2.

For example, the square of 3363/2378 is 11309769/5654884 that some 2.00000017683827... If we
go ahead with increasingly large numbers will increase the number of O after the decimal point.

The three dots after the number indicate that in reality we face an irrational number, or with infinite
numbers, so it makes no sense to represent all and we must be satisfied with an accuracy that
depends on the number figures represented. In practice the approximate number or form is open.
For this mathematical storch the nose! It is the difference between calculation and measurement. A
calculation must be precise, possibly an expression should be calculated in closed form. A measure,
however, can be approximated, given the practical limits and, therefore, in the form open.

Consider another sequence:

The rule that follows is. "The N-th term is derived as follows: If N is equal then multiplied by N /
(N +1) the previous term, if N is odd is multiple precedent for the term (N 1) / N ". This sequence
converges slowly to .

A succession representing the famous e of Nepero (Napier) isasfollows:
1 1 1
1+3)2, (1+2)3, (1+2)4, ...
1 ( 2) ( 3) ( 4)

The limit of this sequence is worth the number of Nepero e = 2.718281828459, or alternatively they
say that the series convergesto e.

The series of Basel’s problem

The series of Basel was the port of entry for the Riemann zeta. Initially, the question what value
converges the series at, was placed by Mengoli in 1650. It, in its ssmplest form, is as follows:
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1 1 1 1
1+?+?+F+?+...

A simple observation (criterion of comparison) leads us to say
that every word being bigger (they are square) each end of the
harmonic series, then there are great hopes that the series of Basel
converge. Indeed, for example, the square %2 is % and it’s smaller
than 2 and so on.

P Mensoli. 1626-16G86G
C Menooli. 162

If we try to add, with an Excel program or with PARI, the first 10 elements, the sum is 1.5497677
..., with 100 elements the sum is 1.6349839 ..., with 1000 gives 1.6439345 ..., with 10,000 gives
1.6448340.... Then take a number between 1.644 and 1.645.

The problem was addressed by Wallis, Leibniz and the brothers Bernoulli without success. We will
wait for a century after Euler, to obtain the solution.

The problem of Basel wasto find a closed form in this series with exponent N; that is examining the

overall series:
w 1
Do

or:

It is also known as generalized harmonic series. Converge if N> 1, while diverges for N<1. It isalso
known as generalized harmonic series. Converge if N> 1, while diverges for N<1. The differenceis
obvious to the policy of confrontation with the harmonic seriesindeed if N <1, n>1,nV<nand t
then 1/n <1/n"

What converges? Euler showed, for N up to N = 26, the valueslisted in the following table 4.

N Value
2 26
4
6

/90
7%/945

Table4 — Values of series of Basdl

Euler came up to N = 26; while no one had managed to find a closed form for N odd (at least until it
has studied the Riemann zeta, deepening see Chapter 11).
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The Riemann zeta as a real function of real variable
The Riemann zeta, also studied by Euler for real numbers, is similar to the above series of Basdl;
except that instead of N Riemann pose s, meaning s like complex number and then studied
complicated as a function of complex variable, but if s only real part then match. In the remainder
set to begin assume s ideas variable as real and the Riemann zeta function as a rea variable redl,
that is coinciding with the series of Basel. One way to summarize the Riemann zeta as a seriesis as
follows:
> 1
&(s) = ZF

n=1

If s=1, the series diverges (harmonic series). If, instead, s> 1 the series converges (series of Basel).
Inredity isjust as = 1, which differsif we consider s = 1.0001 converges to 10000.577222 ... That
has a pole in s = 1; behaves as if it were the function 1 / (s1) that s = 1 diverges.

If the number of Basel (or Riemann zeta variable real) let s = 0, the series differs yet (because n° =
1). For negative values as s = -1 diverges again, because for example the term /2™ = 2 and so we
have the sum of all the natural numbers 1+2+3+4+ .... If s =14, we have to denominator the square
roots. For example, the term 1/2Y2 compare it with the term % harmonic series: the root of 2 is
greater than 1, while the end of the range is 2 harmonic and larger than the root of 2 hours if the
harmonic series diverges, more so diverges even the series with s=1/2. In the field of real variables,
then, the evolution of the Riemann zetaisasin Figure 4.

£

La funzione zeta, pet valori di s maggiori di 1.

Figure 4 - ¢ function

Aslearned you should say that the domain of the zeta function isformed by values greater than 1.
In fact, as we shall seelater, isnot the case ...

Extending the domain of afunction defined by a series

Extending the domain of a function defined by a series
Consider the function S (x), obtained from a series as follows:

S(X) = Z::O X"
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It isthe geometric series and corresponds to write:

S(X) =1+ X+ X+ X +...

If x = 1/2 the number above corresponds to that seen before:

1+1 i1t i+1+...=2

Sois:
S(1/2)=2,S(-1/2) =2/ 3, because we return to the series with the first signs of alternate;
S(1/3)=1%,S(-1/3)=3/4,S(0) =1, S(1) diverges, S(-1) diverges

With S (-1) we have to say that because it differs due to the solution of the signs, if we consider an
even number of terms you get zero, if we consider an odd number of termsis 1. Do not even go to
infinity but converges absolutely that the indecision between two values in mathematicsis a form of
divergence. S (-2) = diverges. Here the alternation of signs leads us to a situation even worse: 1-2
+4-8 + ... and the function seems to go to infinity in both directions. All this to say that the function
S (X) has values in the domain between -1 and 1, ends 1 and -1 except, that is [-1.1]. So you can
imagine that it had completed the study of the function S (x) and its graph isthat in Figure 5.

S(x)
4

La funzione S(x) = 1 +x + 2% +x* + ..

Figure5— S(x) function

Now we do some reflection on S (x). So far, in order to calculate the values of S (x) we had alittle
"sweat", using the series or succession and the limit.

Often it was also difficult to understand it. The idea now is to get the analytical expression of an
easier (aformul@) that takes the same values in the domain [-1.1], even though the new feature will
have awider domain or different. Like getting the new feature? We have seen that:

S(X) = 1HxHXCHCH. .
If the second term we highlighted x gives:

S(X) = L+ (L+XH+X2+x3+...)

From hereit is clear that the word in parenthesesis still S (x), whichiis:
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S(x) = 1+xS(x)
From which it follows that:
S(x) = 1/(2x) = 1+x+¥+x>+... (6)

This nev function S (x) has the same values in the previdug]f factis: S (0)=1,S (1/2) =2, S (
1/2) = 2/3, S (1/3) = 1 %; S1(3) =a.

But the two functionshave different domains and in Figure 6 has appeared a part of domain first
"not seen”In fad | can also find S (10) =1/ 9 etc.
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